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SIEGEL CUSP FORMS LIFTING
( )
Siegel modular form 2 lifting $M_{k}^{(n)}=$
$M_{k}(\mathrm{s}_{\mathrm{P}_{n}}(\mathbb{Z}))$ degree $n$ Siegel modular form $S_{k}^{(n)}=S_{k}(\mathrm{s}_{\mathrm{P}_{n}}(\mathbb{Z}))$
cusp form $M_{k}^{(n)}$
1. $\mathrm{D}\mathrm{u}\mathrm{K}\mathrm{E}$ -IMAMOGLU LIFTING
$k,$ $n$ $k\equiv n$ mod 2 $\epsilon=(-1)^{k}$ $\mathrm{o}N\in \mathbb{Q}_{+}^{\cross}$
$\mathbb{Q}(\sqrt{\epsilon N})/\mathbb{Q}$ $0_{N}$ $\mathrm{f}N=\sqrt{N0_{N}^{-1}}$
$\mathbb{Q}(\sqrt{\epsilon N})/\mathbb{Q}$ Dirichlet $\chi_{N}$ $B$ rank
$2n$ $(-1)^{n}\det(2B)\equiv 0,1$ mod 4
$D_{B}=\det(2B),$ $0B=0_{D_{B}},$ $\mathrm{f}B=\mathrm{f}D_{B},$ $\chi B=\chi_{D_{B}}$




$\frac{\mathrm{o}\mathrm{r}\mathrm{d}(D_{B})+1}{2}]$ , $p\neq 2$
$\ovalbox{\tt\small REJECT}^{\mathrm{o}\mathrm{r}\mathrm{d}}2(D_{B})]$ , $p=2$
$\xi(B)=\{$
1 $(-1)^{n}DB\in(\mathbb{Q}_{p}^{\cross})2$ ,
$-1$ , $[\mathbb{Q}_{p}(\sqrt{(-1)^{n}D_{B}}) : \mathbb{Q}_{p}]=2$ , : unramffied,
$0$ , $[\mathbb{Q}_{p}(\sqrt{(-1)^{n}D_{B}}) : \mathbb{Q}_{p}]=2$ , : ramified
$b_{p}(B, s)= \sum_{pnp}\psi(\mathrm{t}\mathrm{r}(R\in S_{2n}(\mathbb{Q})/s2(\mathbb{Z}))BR))p^{-0}\mathrm{r}\mathrm{d}_{p}(\mu(R))\mathit{8}$
Siegel series $S_{2n}(\mathbb{Q}p),$ $S2n(\mathbb{Z})p$ , $\mathbb{Z}_{P}$
$\mu(R)$ $\circ(C, D)$ symmetric coprime
pair $D^{-1}C=R$ $\mu(R)=\det D$ $X$
$\gamma_{\mathrm{p}}(B$ ;
$\gamma_{p}(B;X)=(1-x)(1-p^{n}\xi(B)x)^{-}1\prod_{i=1}(1-p^{2}X^{2})i$
$X$ $F(B;^{x})$ $F(B;p^{-})s=b_{p}(B, S)\gamma_{p}(B;p-S)^{-1}$
Katsurada ([23]) $F(B;^{x})$
$F(B;p^{-}2n+1x-1)=(p^{n+\frac{1}{2}}X)^{-}\delta(B)+2-2\xi(B)^{2}F(B;X)$




degree $2n$ Siegel Eisenstein series $k$ $k\equiv n$ mod 2





weight $2k$ cusp form Hecke $L(s, f)=$
$\sum_{N}a(N)N^{-S}$ $f(\tau)$ $L$
$f(\tau)$ Satake parameter $\{\alpha_{\mathrm{p}}, \alpha^{-1}\}p$ $\circ\alpha_{P}$
$(1-p^{k-\frac{1}{2}} \alpha_{\mathrm{P}}X)(1-p\alpha^{-1}-\frac{1}{2}Xk)p=1-a(p)X+px2k-12$
$f$ Kohnen plus subspace $S_{k+\frac{1}{2}}^{+}(\Gamma_{0(4))}$
Hecke eigenform
$h(\tau)=(-1)^{k_{N}}\underline{=}\mathrm{O},$$1N> \sum_{)(4}c(N)\mathrm{o}qN$
$D$ fundamental discriminant $(-1)^{k}D>0$
$c(f^{2}|D|)=c(|D|) \sum_{|df}\mu(d)x_{1}D|(d)d^{2k1}-a(\frac{f}{d})$
1: $n\equiv k$ mod 2 $A(B)$
$A(B)=c(0_{B}) \mathrm{f}Bk-\frac{1}{2}\prod_{p}\tilde{F}_{p}(B;\alpha_{p})$
$F(Z)= \sum_{B>0}A(B)\mathrm{e}(Bz)$
$S_{k+n}(\mathrm{S}\mathrm{p}_{2n}(\mathbb{Z}))$ degree $2n$ , weight $k+n$ Siegel cusp form Hecke
$T$ $\mathrm{e}(T):=\exp(2\pi\sqrt{-1}\mathrm{t}\mathrm{r}(\tau))$
$\circ F(Z)$ standard L-function
$L(s, F)= \zeta(_{S})\prod i=1L(S+k+n-i, f)$
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$F(Z)\in s_{k+n}(2n)$ $f(\tau)$ degree $2n$ Duke-Imamoglu lift $0$
$n=1$ $F(Z)$ $f(\tau)$ Saito-Kurokawa lift
2. MIYAWAKI LIFTING
$f(\tau)\in S_{2k}(\mathrm{S}\mathrm{L}2(\mathbb{Z}))$ normalized cuspidal Hecke eigenform $\circ r,$ $n$
$n+r\equiv k$ mod 2 1 $f(\tau)$ $S_{k+n+r}(\mathrm{s}_{\mathrm{P}_{2+r}}(n2\mathbb{Z}))$
lift $F(Z)$ $g(Z)\in S_{k+n+r}(\mathrm{S}\mathrm{P}r(\mathbb{Z}))$ Hecke
$\mathcal{F}_{f,g}(Z)=\int_{\mathrm{S}\mathrm{p}_{f}(\mathbb{Z}})\backslash \mathfrak{y}rF()\overline{g(z\prime)}(\det{\rm Im} z’)^{k}+n-1dz’$, $Z\in \mathfrak{h}_{2n+r}$
$0\mathcal{F}_{f,g}\in s_{k+n+r}(\mathrm{S}_{\mathrm{P}2n+r}(\mathbb{Z}))$
2: $\mathcal{F}_{f,g}(Z)$ $0$ $\mathcal{F}_{f,g}(Z)$ Hecke
$2\text{ }$
$L(_{S,\mathcal{F}_{f,g}})=L(S, g) \prod_{i=1}L(_{S+k}+n-i, f)$
$L(s, \mathcal{F}_{f},)\mathit{9}’ L(s, g)$ $\mathcal{F}_{f,g}(z),$ $g(Z)$ standard $L$
$F_{f,g}(Z)$ $g(Z)$ $F(Z)$ Miyawaki lift
3. NIEMEIER LATTICES
rank 24 positive definite even unimodular lattice Niemeier lattice $\text{ }$
norm 2 vector root system root system
Niemeier lattice 24 root system
$\ovalbox{\tt\small REJECT}_{A^{2}D}^{L_{9}L_{1}}752A^{3}A2D6D^{4}8\mathrm{g}0L11L161A12L_{1}D3L147E_{66}E^{4}A_{12}2D^{\mathrm{s}}L_{1}5L168$
$\ovalbox{\tt\small REJECT}_{7}^{L_{1\tau_{9}181920}}A_{15}DD_{10^{E_{71}^{2}}}LLLL_{2}A_{1}E7D2A224D16E_{8}E^{3}D241L_{2}2L238L_{24}$
$V$ $\{[L_{1}], \ldots, [L_{24}]\}$ $\mathbb{C}$-vector $\circ V$
$\circ$ $\langle, \rangle$
$[L_{i}]\circ[L_{j}]=\{$
(#Aut $(L_{i})$ ) $[L_{i}]$ , $i=j$
$0$ , $i\neq j$ ,
$\langle[L_{i}], [L_{j}]\rangle=$
$V$ $L_{1}$ Hecke Nebe Venkov
[31] vector $\mathrm{d}_{1},$ $\ldots$ , d24 $\mathrm{d}_{i}$
$[L_{i}]$ – Nebe homepage [30]
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$L_{i}(i=1,2, \ldots, 24)$ $n$ theta function $\Theta_{i}^{(n)}(Z)\in M_{12}^{(n)}$ $\Theta_{i}^{(n)}(Z)$
$\Theta_{i}^{(n)}(Z)=\sum_{x\in L_{i}^{n}}\exp(\pi\sqrt{-1}\mathrm{t}\mathrm{r}(T(X)z))$
,
$T(x):=((X_{i}, X_{j}))_{1}\leq i,j\leq n$
’
$x=(x_{1}, x_{2}, \ldots, x_{n})\in L_{i}^{n}$
Siegel $\Phi$-operator $\Phi=\Phi_{n}$ : $M_{k}^{(n)}arrow M_{k}^{(n-1)}$
$\Phi(\Theta_{i}^{(n)})=\Theta_{i}^{(n-1)}$ $\Theta_{i}^{(n)}$ $V$ $M_{12}^{(n)}$ $n\geq 12$
$n_{i}= \min\{n|\Theta^{(n)}(\mathrm{d}_{i})\neq 0\}$
Nebe Venkov [31]
$n_{1}=0$ , $n_{2}=1$ , $n_{3}=2$ , $n_{4}=3$ ,
$n_{5}=4$ , $n_{6}=4$ , $n_{7}=5$ , $n_{8}=5$ ,
$n_{9}=6$ , $n_{10}=6$ , $n_{11}=6$ , $n_{12}=7$ ,
$n_{13}=8$ , $n_{14}=7$ , $n_{15}=8$ , $n_{16}=7$ ,
$n_{17}=8$ , $n_{18}=8$ , $7\leq n_{19}\leq 9$ , $n_{20}=9$ ,
$8\leq n_{21}\leq 10$ , $n_{22}=10$ , $n_{23}=11$ , $n_{24}=12$ .
$F_{i}=\Theta^{(n_{i})}(\mathrm{d}_{i})(i\neq 19,21)$ $n_{19}=9,$ $n_{21}=10$
$G_{19}=\Theta^{(9)}(\mathrm{d}_{19}),$ $G_{21}=\Theta^{(10)}(\mathrm{d}_{21})$ $F_{i}\in S_{12}^{(n_{i})}$ ,
$(i\neq 19,21)$ $G_{19}\in M_{12}^{(9)},$ $c_{21}\in M_{12}^{(10)}$ cusp form
$2B$ rank $<9$ (resp. $<10$ ) root lattice $G_{19}$ (resp. $G_{21}$ )
$B$- Fourier $0$ Fourier
$a_{i}$ $f_{i},\cdot=a_{i}^{-1}F_{i}\backslash .’ g_{i}=a_{i}^{-1}G_{i}$ $a_{i}$
2 Lemma
Lemma 1. $\mathrm{d}_{i},$ $\mathrm{d}_{j},$ $\mathrm{d}_{k}$ $V$ Hecke eigenvector
$\langle\langle\Theta^{(n_{i}+)}nj(\mathrm{d}k)|_{\mathfrak{h}_{n}}\mathrm{i}\mathrm{x}\mathfrak{h}n_{j}’ Fi\cross F_{j}\rangle\rangle=\frac{||F_{i}||^{2}||Fj||^{2}}{\langle \mathrm{d}_{i},\mathrm{d}_{i}\rangle\langle \mathrm{d}_{j,j}\mathrm{d}\rangle}\langle \mathrm{d}_{k}, \mathrm{d}_{i}\circ \mathrm{d}_{j}\rangle$ .
$(\mathrm{S}\mathrm{p}_{n_{i}}(\mathbb{Z})\backslash \mathfrak{h}_{n:})\cross(\mathrm{S}\mathrm{p}_{n_{j}}(\mathbb{Z})\backslash \mathfrak{h}_{n_{j}})$ Peterson
$0$ $\langle \mathrm{d}_{k}, \mathrm{d}_{i}\circ \mathrm{d}j\rangle\neq 0$
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$\langle \mathrm{d}_{k}, \mathrm{d}_{i^{\circ \mathrm{d}_{j}}}\rangle$ [30]
4.
$\phi_{16}(\tau)\in S_{16}^{(1)},$ $\phi_{18}(\mathcal{T})\in S_{18}^{(1)},$ $\phi 20(\tau)\in S_{20}^{()},$$\phi_{22}(\tau 1)\in S_{22}^{(1)}$ normalized Hecke
eigenform $\Delta(\tau)\in S_{1}^{(1)}2$ Ramanujan delta function
$\bullet$ (degree2) $F_{3}\in S_{12}^{(2)}$ $\phi_{22}\in S_{22}^{(1)}$ degree 2 Duke-Imamoglu lift
(Saito-Kurokawa lift) $\circ$
$\bullet$ (degree3) $F_{4}\in S^{(3)}12$ $\triangle\in S_{1}^{(1)}2$ $F_{5}\in S^{(4)}12$ Miyawaki lift
$L(s, F4, \mathrm{s}\mathrm{t})=L(s, \triangle, \mathrm{S}\mathrm{t})L(s+10, \emptyset 20)L(S+9, \phi_{20})$.
$\bullet$ (degree4) $F_{5}\in S_{12}^{(4)}$ $\phi_{20}\in S_{20}^{()}1$ degree 4 Duke-Imamoglu lift
$F_{6}\in S^{(4)}12$ $F_{3}\in S^{(2)}12$ $F_{11}\in S^{(6)}12$ Miyawaki lift
$L(s, F_{5}, \mathrm{s}\mathrm{t})=\zeta(s)8\leq i\square L(s+i, \phi\leq 1120)$
,
$L(s, F_{6}, \mathrm{s}\mathrm{t})=\zeta(s)\square L(_{S+}i, \phi_{2}2)\prod L(s+i, \emptyset 18)10\leq i\leq 118\leq i\leq 9^{\cdot}$
$\bullet$ (degree5) $F_{7}\in S^{(5)}12$ $F_{4}\in S^{(3)}12$ $F_{13}\in S_{12}^{(8)}$ Miyawaki lift
$F_{8}\in S_{12}^{(5)}$ $\Delta\in S_{12}^{(1)}$ $F_{11}\in S_{12}^{(6)}$ Miyawaki lift $\text{ _{ }}$ .
$L(s, F_{7}, \mathrm{s}\mathrm{t})=L(s, \triangle, \mathrm{s}\mathrm{t})\prod_{\leq 9i\leq 10}L(S+i, \phi 20)7\leq\leq 8\prod_{i}L(S+i, \phi 16)$
,
$L(s, F_{8}, \mathrm{s}\mathrm{t})=L(s, \Delta, \mathrm{s}\mathrm{t})7\leq i\leq 10\square L(s+i, \phi 18)$
.
$\bullet$ (degree6) $F_{9}\in S^{(6)}12$ $F_{3}\in S^{(2)}12$ $F_{13}\in S^{(8)}12$ Miyawaki lift
$F_{11}\in S^{(6)}12$ $\phi_{18}\in S_{18}^{(1)}$ degree 6 Duke-Imamoglu lift
$L(s, F_{9}, \mathrm{s}\mathrm{t})=\zeta(S)10\leq\prod_{i\leq 11}L(_{S+}i, \emptyset 22)\prod L(S+i, \emptyset 16)6\leq i\leq 9$ ’
$L(s, F_{11}, \mathrm{s}\mathrm{t})=\zeta(s)\prod_{16\leq i\leq 1}L(s+i, \phi_{1}8)$
.
$\bullet$ (degree 7) $F_{12}\in S^{(7)}12$ $\Delta\in S_{1}^{(1)}2$ $F_{13}\in S^{(8)}12$ Miyawaki lift
$F_{14}\in S^{(7)}12$ $F_{7}\in S^{(5)}12$ $F_{24}\in S_{12}^{(1}2$ ) Miyawaki lift
$F_{16}\in S^{(7)}12$ $F_{8}\in S^{(5)}12$ $F_{24}\in S_{12}^{(1}2$
) Miyawaki lift
$L(_{S,F_{12}}, \mathrm{S}\mathrm{t})=L(_{S}, \Delta, \mathrm{s}\mathrm{t})\prod_{5\leq i\leq 10}L(S+i, \emptyset 16)$
,
$L(s, F_{14}, \mathrm{s}\mathrm{t})=L(_{S\Delta},, \mathrm{s}\mathrm{t})\prod_{\leq \mathfrak{g}\leq i10}L(s+i, \phi_{20})\prod_{7\leq i\leq 8}L(S+i, \emptyset 16)$
$\cross\prod_{5\leq i\leq 6}L(_{S+}i, \triangle)$
,
$L(s, F_{16}, \mathrm{s}\mathrm{t})=L(s, \triangle, \mathrm{s}\mathrm{t})\prod_{\tau\leq i\leq 10}L(s+i, \emptyset 18)\prod_{65\leq i\leq}L(_{\mathit{8}+}i, \Delta)$
.
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$\bullet$ (degree8) $F_{13}\in S_{12}^{(8)}$ $\phi_{16}\in S_{16}^{(1)}$ degree 8 Duke-Imamoglu lift
$F_{17}\in S_{12}^{(8)}$ $F_{5}\in S_{12}^{(4)}$ $F_{24}\in S_{12}^{(1}2$
) Miyawaki lift
$F_{18}\in S_{12}^{(8)}$ $F_{6}\in S_{12}^{(4)}$ $F_{24}\in S_{12}^{(1}2$
) Miyawaki lift
$L(_{S,F_{13}}, \mathrm{S}\mathrm{t})=\zeta(s)\prod_{\leq 4\leq i11}L(_{S+}i, \phi 16)$
,
$L(_{S,F_{17}}, \mathrm{S}\mathrm{t})=\zeta(s)\leq i\leq 11\prod_{8}L(_{S}+i, \phi 20)\prod_{74\leq i\leq}L(S+i, \triangle)$
,
$L(_{S,F_{18}}, \mathrm{S}\mathrm{t})=\zeta(s)\prod_{\leq 10\leq i11}L(s+i, \phi_{22})\prod_{8\leq i\leq 9}L(S+i, \phi 18)$
$\cross\prod_{4\leq i\leq 7}L(S+i, \Delta)$
.
$\bullet$ (degree9) $F_{20}\in S_{12}^{(9)}$ $F_{4}\in S_{12}^{(3)}\text{ }.F_{24}\in S_{12}^{(1}2$) 6 Miyawaki lift
$L(s, F20, \mathrm{S}\mathrm{t})=L(s, \Delta, \mathrm{s}\mathrm{t})\leq i\leq 1\prod_{90}L(s+i, \phi 20)\prod_{83\leq i\leq}L(_{S+}i, \Delta)$
.
$\bullet$ (degree lO) $F_{22}\in S_{12}^{(10)}$ $F_{3}\in S_{12}^{(2)}$ $F_{24}\in S_{12}^{(1}2$) Miyawaki lift
$L(s, F_{22}, \mathrm{s}\mathrm{t})=\zeta(s)10\leq\leq 11\prod_{i}L(_{S}+i, \phi 22)\prod_{92\leq i\leq}L(S+i, \Delta)$
.
$\bullet$ (degreell) $F_{23}\in S_{1}^{(11)}2$ $\triangle\in S_{12}^{(1)}$ $F_{24}\in S_{12}^{(1}2$ ) Miyawaki lift
$L(s, F_{23}, \mathrm{S}\mathrm{t})=L(s, \Delta, \mathrm{s}\mathrm{t})\prod_{1i=}^{1}L(S0+i, \triangle)$ .
. (degree 12) $F_{24}\in S_{12}^{(1}2)$ $\Delta\in S_{1}^{(1)}2$ degree 12 Duke-Imamoglu lift
$L(s, F_{24}, \mathrm{s}\mathrm{t})=\zeta(s)\prod_{i=0}^{11}L(s+i, \triangle)$ .
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degree 4 Fourier $f_{4}\in S_{12}^{(3)}$
Miyawaki [28] Fourier $ff\mathit{2}\mathit{4}\in S_{12}^{()}12$ [6]
cusp form [6] R. E. Borcherds homepage [5] Fourier
$a_{i}$ Fourier
$f_{i}$ Fourier
$f_{24}$ Fourier ([21] )
Duke-Imamoglu lifting
Fourier [5]
(Degree 4) Fourier coefficients of $f_{5}$ and $f_{6}$ .
(Degree 5) Fourier coefficients of $f_{8}$ and $f_{7}$ .
(Degree 6) Fourier coefficients of $f_{11},$ $f_{9}$ , and $f10$ .
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(Dewree 7) Follrier coefficients of $f_{0},$ . $f_{1R}$ . and $f_{14}$ .
(l’egree 81 rourler coemclents $0\iota r_{1\mathrm{Q}}$ . $r_{17}$ . $r_{1\mathrm{O}}$ . $\mathrm{a}\mathfrak{n}\mathrm{d}f_{1\mathrm{H}}$ .
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(Degree 10) Fourier coefficients of $f_{\mathit{2}2}$ and $g_{\mathit{2}1}$ .
94
(Degree 11) Fourier coefficients of $f_{23}$ .
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